int, 4. Hear Mass Transfer.
Printed in Great Britain

Vol. 36, No. 12, pp. 2957-2963, 1993

0017-9310/93 $6.00-+0.00
£ 1993 Pergamon Press Ltd

Similarity solution for laminar film boiling
over a moving isothermal surface

J. FILIPOVIC, R. VISKANTA and F. P. INCROPERA

Heat Transfer Laboratory, School of Mechanical Engineering, Purdue University, West Lafayette,
IN 47907, US.A.

(Received 2 September 1992 and in final form 14 January 1993)

Abstract—Forced film boiling arises when a liquid flows over a highly superheated surface or when the

surface moves through a liquid which is stationary or is itself in motion. As a result of the vapor layer

separating the surface and the liquid, there is a significant reduction in the drag force and heat transfer.

In this study, a similarity solution of the boundary layer equations is obtained, and for a wide range of

subcooling parameters and surface velocities, related numerical results are shown to be in excellent
agreement with predictions based on an integral method.

INTRODUCTION

Forceb film boiling arises when a liquid flows over a
highly superheated surface or when the surface moves
through a liquid which 1is stationary or is itself in
motion. With a vapor layer separating the surface and
the liquid, there is significant reduction in the drag
force and heat transfer. In other words, the vapor
layer acts as both a lubricant and an insulator. Besides
quenching [1], which is very important in material
processing, forced film boiling finds application in
nuclear reactor safety [2] and drag reduction [3, 4].

Following Bromley et al. [5] and Motte and
Bromley [6], who studied heat transfer from circular
cylinders in forced-convective film boiling, a large
number of investigators employed a variety of tech-
niques to analyze film boiling for different geometries,
such as the flat plate [7, 8], wedge [9] and sphere [10].
Among the theoretical studies, special mention should
be made of the pioneering work by Cess and Sparrow
{7, 8], who developed a two-phase boundary layer
model. Using a combined analytical-numerical
method, heat transfer and skin friction results were
reported for laminar film boiling under saturated {7]
and subcooled [8] conditions for a range of parameters
of practical interest. A more detailed, numerical solu-
tion of the vapor and liquid boundary layer equations
was obtained by Ito and Nishikawa [11], and good
agreement was reported with the results of Cess
and Sparrow {7, 8]. Retaining the assumption of
two-phase boundary layer behavior, Nakayama and
Koyama [12] applied an integral method to
solve the set of the boundary layer equations and
obtained good agreement with the results of Ito and
Nishikawa [11].

In an attempt to further simplify the computational
procedure, Chappidi et al. [13] proposed an analogy
between conditions at the vapor-liquid interface and
a surface moving in a single phase fluid. Previously
developed expressions for single-phase flow over a
moving surface were used with the vapor boundary

layer equations and matching conditions at the vapor—
liquid interface to obtain the skin friction and heat
transfer. Although agreement between predicted
results and those obtained from a numerical solution
of the full set of model equations was very good for
subcooled conditions, the method failed to predict
accurately hydrodynamic and thermal behavior for
saturated conditions.

Zumbrunnen et al. [1] analyzed heat transfer in
laminar film boiling from a moving surface. They
applied the integral method to solve the two-phase
boundary layer equations and found that surface
motion significantly increased heat transfer, even
when the liquid was subcooled. A large increase in
heat transfer was reported for concurrent liquid-sur-
face motion, where the surface motion thins the vapor
layer. On the other hand, if the liguid stream and plate
move in opposite directions, which can occur, for
example, in the accelerated cooling of a steel strip, heat
transfer decreases due to an increase in the vapor layer
thickness. Although it was stated that surface motion
is especially important when the strip speed greatly
exceeds the liquid velocity (the extreme case is for a
quiescent liquid), it was not possible to determine the
local Nusselt number from the model results. The
local Reynolds number was based on the free stream
velocity, which for this case was equal to zero.

The objectives of this study are (i) to obtain a simi-
larity solution for laminar film boiling over a moving
plate, (ii) to extend existing results [1] based on an
integral solution (including the quiescent liquid case),
and (iit) to compare the approximate and exact solu-
tions of the model equations in order to check the
accuracy of the integral solution.

THEORETICAL ANALYSIS

Physical model and assumptions
Consider flow of a liquid over a horizontal flat plate
maintained at uniform temperature T, which is high
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Cr.  local skin friction coefficient,

Tp/(l/zpluiz)
specific heat at constant pressure

Tkg ' K]

r dimensionless stream function defined by
equation (12)

h heat transfer coefficient [W m 2K ™"

latent heat of vaporization [J kg ']
Ja Jakob number, ¢, (T, — T;)/hy,
k thermal conductivity [ Wm™'K™']

m mass flow per unit width of plate
kgs 'm™]
Nu, local Nusselt number, Ax/k,

Pr Prandtl number, uc,/k
q heat flux [W m~?]

Re.  local Reynolds number, ux/v,

T temperature [K]

u x component of velocity [m s ']
u; the largest velocity in the system

(ifuy > vy, = u,, 5 if 0, > 4,
u=10v,) [ms™ ']

U, x component of the interfacial velocity
[ms~']

i dimensionless x component of the
interfacial velocity, u,/u;

v y component of velocity [m s™ ']

v, plate velocity [m s~ ]

o, dimensionless plate velocity, v,/u;

x streamwise coordinate [m]

v vertical coordinate [m]

» vertical position above vapor layer,
Y= 5v [m]

Z density viscosity product ratio,
Pt/ Doty

NOMENCLATURE

Greek symbols
B subcooling parameter,
Proeg(T—T,.)/Pric, (T,—T,)
r boundary layer thickness ratio, A/d

o velocity boundary layer thickness in
liquid [m]

d, vapor layer thickness [m]

A thermal boundary layer thickness in
liquid [m]

n similarity variable defined by
equation (10)

0, dimensionless liquid temperature,
(T —~TH)(T,—-T,)

0, dimensionless vapor temperature
(T.— TH(T,—T)

U dynamic viscosity [kg s™' m™']

v kinematic viscosity [m?s™']

0 mass density (kg m~?)
T shear stress [N m™?]
7] parameter defined by equation (26)
¥

stream function defined by equation (11).

Subscripts
J for vapor layer j = v and for liquid layer
j=1
1 liquid
p plate
s vapor/liquid interface
v vapor
o0 liquid free stream.

enough for boiling to occur and for a vapor layer to
form adjacent to the surface (Fig. 1). The plate moves
from left to right with a constant velocity v,. The
assumptions made in the analysis are that: (i) the
flow is steady, (ii) the thermophysical properties are
constant and uniform and are evaluated at the film
temperature, Ty, (iii) the liquid—vapor interface is
smooth, (iv) vapor formation and the liquid boundary
layer start at x =0, (v) the plate surface is imper-

meable and smooth, (vi) the body force is negligible
in comparison to the viscous and inertial forces, and
(vii) the effect of radiation on vapor layer formation
is negligible.

The governing equations, compatibility and boundary
conditions

With the simplifying assumptions outlined above,
the governing equations [11] are

Extrusion

Slot §§
N

Continuous Surface

Wind-Up Roll

FiG. 1. Schematic of the physical model and coordinate system.
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where for the vapor layer j = v and for the liquid
layer j = l. The boundary conditions are:

y=0: u, =0, v,=0, T,=T, 4
~y=(5v: v = U = U, v=ﬂ=Ts (5)
y=>00 = U, h=T,. (6)

Conservation of mass at the vapor-liquid interface

(y = é,) requires that
. dé, dé,
m = pv(uv dx _UV> = pl(ul dx ’"Ux)~ Y
The compatibility condition for the shear stress at the
interface (y = 0,) is given by

Ou, Oy
Ky E = H 5; ]

and the corresponding energy balance can be ex-
pressed

T, | OT,

mhfg': —‘kv‘a—y‘ +k15);‘ (9)

Similarity solution

A solution of the model equations can be obtained
using a similarity transformation. We introduce simi-
larity variables which reduce the set of partial differ-
ential equations to a set of ordinary differential equa-
tions. The similarity variables for vapor and liquid
layers are defined as

ny = pS(w/vx) and m = (y—38,)/(w/mx) (10)

where, for u,, > v, 4; = u,,, and for v, > u,,, u; = v,.
The velocity components, defined in terms of stream
functions ¥, and ¥,, are given by

o ; o,
uj:g;’ and »,= —af. an
In terms of the dimensionless stream function,
£y =¥/ (v, %) (12)

the velocity components «; and »; become
wy=uf50n,) and v, =1/204v,/x)"* 0, 1= 1)
(13)

Introducing the similarity and dimensionless vari-
ables into the model equations (1)—(3), we obtain the
following equations

27+ =0 14
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207+ Pr, f,6;, = 0. (15)

The boundary conditions given by equations (4)-
(6) now become :

=00 £UO) =", L) =0 0,0=1 (6

m=0: filns = fi0) =",

0.1, =0, 6,0) =1 an
M- ooi fil@) ="5, (o) =0, (18)

i

Similarly, the interface (y = 4,) compatibility con-
ditions, equations (7)-(9), become, respectively,

(N)s = Z7"2(f)s (19)
(fDe=Z7 (D, (20)
BONZ'"*—(8)), = Pr.(f)/2]a. 21)

The local skin friction coefficient can be expressed

in terms of dimensionless parameters as
Co. = 1o/ (12007 = 2Z 72| f1(0)|Reg 2. (22)

The local Nusselt number based on the plate super-
heat and vapor thermal conductivity is given by

q"x Moy 0 1/2
R iyt ! R .
Nu, kT, T) ”vZ (6.)oRe, (23)
Solution procedure

The transformed governing equations (14) and
(15) were solved numerically using the fourth order
Runge-Kutta method with a shooting procedure to
find the missing interface (from the liquid side) and
wall shear stress. By prescribing the dimensionless
interface velocity, 4, and vapor layer thickness, (n,).,
together with the parameters Pr, Pr,, Ja and Z,
the momentum equations were solved to satisfy the
boundary and matching conditions. The dimen-
sionless velocity distributions were then used to obtain
the dimensionless temperature distributions. Using
the calculated wall velocity and temperature gradi-
ents, the local skin friction coefficient and Nusselt
number were determined. Finally, the subcooling par-
ameter, f§, was calculated from equation (21). The step
size used in the liquid layer was An, = 0.2, and the free
stream boundary conditions at infinity were satisfied
with an accuracy of order ¢ = 10~ %, Forty grid points
were used in the vapor layer. Increasing the number
of grid points from 40 to 80 did not affect results for
the skin friction and heat transfer. The calculation
procedure was validated through comparison with the
results of Chappidi ef al. [13] for flow and heat transfer
over a stationary plate.

Integral method
Extending the integral approach of Zumbrunnen e?
al. [1] to include conditions for which the plate moves
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through a quiescent fluid, all velocities appearing in
the appropriate equations are nondimensionalized by
the highest velocity in the system. That is, if the free
stream velocity exceeds the plate velocity, 1, > v, it
serves as the reference velocity (4, = u,, ). Similarly, if
v, > U, u; = v,. Also, the Reynolds number is based
on the highest velocity. In this way all possible cases
are considered, including a stagnant ambient fluid
for which u, = 0. Linear velocity and temperature
distributions were assumed for the vapor layer, while
second order polynomials were prescribed for the
liquid layer. For a comprehensive discussion of the
procedure, including the governing equations,
assumptions and boundary conditions, the reader is
referred to Zumbrunnen et al. [1].

To determine the dimensionless interfacial velocity,
i, the following system of equations, which results
from the interfacial energy balance and the liquid
layer energy equation,

r'P
N [2(@ — @) (5=T)
3¢
2ora+ SEZD T o)
TN 7 @S
15 pr, _ _[a-57 pla, — ;)
—— . 5] e = i e s 2
8¢ JaZ(u’-Hp)|:zJX —-12\:| (e, —u, 29
where
15 (3} -5}
= S 2
] u,+3/2u,+82(d7 i) (26)
was solved.

The ratio of the vapor layer thickness to the liquid
boundary layer thickness is found to be

(5\' Hy (ﬁs - Ep)

2]

where

8(x) = x(30/p)"*Re; ", (28)

The local skin friction coefficient can be expressed
as

172
Cr. = 1,(12p%) = 4li.. _ﬁs|<£> Re.'?. (29)

30

The resulting equation for the local Nusselt number
is

Nu,

(30)

It is of interest to consider special cases cor-
responding to saturated and highly subcooled liquids.
Using equation (25), with =0 (saturated con-
ditions) and 7, = 0, the local skin friction coefficient
(equation (29)) becomes

I. FiLirovic ¢t al.

Co=[Pr.iJaZ] *Re . (31)

Similarly, for the local Nusselt number we obtain

Nu, = 12/ [Pr./Ja 7] Re) ". (32)

For highly subcooled liquids with 7, = 0 and Pr, = |
the following expressions were obtained

Cro=2(2/15)"?Re, "* (33

Nuy = m/p,(2/15)"*fRe{ . (34)

Also, for highly subcooled liquids with &, =0 and
Pr « 1, we obtain

Nu, = i/, (1/3)"2fRey? (35)

while the local skin friction coefficient was inde-
pendent of Pr,. Equations (31) and (32) are exactly
the same as those derived by Cess and Sparrow [7],
while equations (33), (34) and (35) correspond to
those obtained by Nakayama and Koyama [12]. The
value of the constant in equation (35) is very close to
that appearing in the expression for the local Nusselt
number obtained by Cess and Sparrow [8] ((1/3)'* =
0.577 = (1/m)""* = 0.564).

In the limit as the thickness of the vapor layer
approaches zero, the vapor/liquid interface coincides
with the plate surface. Hence, from equation (27), the
interfacial velocity equals the plate velocity (4, = #,).
and vapor layer equations are no longer pertinent.
Moreover, for 5, = 0 (stationary plate), single phase
equations for §, C;, [14] and Nu, are recovered.

RESULTS AND DISCUSSION

Results for the dimensionless interfacial velocity,
the liquid layer velocity and temperature profiles, and
the local skin friction coefficient and Nusselt number
are given in Figs. 2-10 for a range of subcooling
parameters f§ and plate velocities v, for both u, > v,
and v, > u,.. The results correspond to fixed values
of Pr,=2.5, Pr,=1.0, Ja = 0.1 and Z = 47 620.

Velocity and temperature distributions
Figures 2 and 3 show the variation of the dimen-
sionless interfacial velocity #, with g for u,, > v, and

0.9
0.8
0.7
0.6
0.5

Similarity

04 F Integral

) RPN SN SR

0 0.2 0.4 0.6 0.8 1

0.3

F1G. 2. Variation of the dimensionless interfacial velocity
with f for u, > v,.
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F1G. 3. Variation of the dimensionless interfacial velocity
with # for v, > u,,.

vp > U, respectively. Clearly, the similarity and inte-
gral results are in excellent agreement.

The family of curves for different 7, in Fig. 2 reveals
that, for u,, > v,, the interfacial velocity decreases
with increasing subcooling parameter and decreasing
plate velocity. This trend may be confirmed by refer-
ring to equations (24) and (25) and assuming, for
the sake of simplicity that, Pr, =1 (I' = 1) and that
Z » 1. The second assumption is certainly realistic
for water in typical quenching applications, where
Z =~ 40000. For these conditions the following simple
expression is obtained for the dimensionless inter-
facial velocity,

iy = (i +By)/(1+B). (36)

If u,, > u,, 4, =1, and since 0 <4, < 1, it follows
that, with increasing 8, the term (1 + f) increases faster
than 14 f7,. On the other hand, when 7, increases, &,
also increases.

When the plate moves faster than the free stream
(v, > u,), the trend is different (Fig. 3). As equation
(36) suggests, when 7, = 1, i, increases with increasing
fandd,.

The physical basis of the foregoing trends is tied to
the influence of subcooling on the thickness of the
vapor layer. Namely, if subcooling increases the thick-
ness of the vapor layer is reduced and the interface is
closer to the plate. Hence, if u,, > v,, the interface
velocity decreases due to increasing drag force
imposed by the plate. If the plate velocity is increased,
these effects become less severe, and the interface vel-
ocity increases. When the plate moves faster than the
free stream (v, > u,,), the effects of subcooling on
the vapor layer thickness remain unchanged, but the
interfacial velocity increases with increasing sub-
cooling. Interface motion is now restrained by the
free stream, and because J, decreases with increasing
B, the interface becomes further removed from the
free stream, thereby decreasing the restraining in-
fluence. The effect of increasing free stream velocity
on the interfacial velocity is similar to that of increas-
ing plate velocity for u,,, > v,.

Figure 4 shows the influence of subcooling on the
dimensionless liquid velocity distribution for ¢, = 0.
Similar trends were obtained for v, > 0, except that
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FIG. 4. Influence of subcooling on the dimensionless liquid
velocity distribution for v, = 0.

the interfacial velocities are higher. The velocity pro-
files are strongly influenced by the magnitude of the
dimensionless interfacial velocity, revealing the anal-
ogy with single-phase flow over a plate moving with
velocity equal u,. With decreasing f, u, increases (see
equation (32)), while the difference between the free
stream velocity and interfacial velocity decreases,
approaching zero as saturation conditions are
approached (8—0). For saturated conditions,
u, = u,, and the liquid boundary layer is eliminated.
On the other hand, when f tends to infinity, u, — v,
and the flow attains single-phase conditions.

As Fig. 5 shows, the influence of subcooling on the
dimensionless liquid velocity distribution for u,, =0
is similar to that for v, = 0. Although the interfacial
velocity decreases with decreasing subcooling, the
absolute value of the difference between the free
stream velocity and interfacial velocity also decreases.
The influence of subcooling on the dimensionless
liquid temperature distribution for v, = 0 is shown in
Fig. 6. The dimensionless liquid temperature dis-
tributions for u,, = 0 are very similar to those for
v, = 0 and are therefore not included. Moreover, in
all cases the dimensionless vapor velocity and tem-
perature distributions were extremely linear.

Skin friction and heat transfer
The local skin friction coefficient results are shown
in Figs. 7 and 8. For v, > u, (Fig. 8), the similarity

N @ b GO N @

o =

02 03 ,04 05 086 07
fi
F1G. 5. Influence of subcooling on the dimensionless liquid
velocity distribution for »,, = 0.
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1
F1G. 6. Influence of subcooling on the dimensionless liquid
temperature distribution for v, = 0.

and integral results are almost indistinguishable, while
for u,, > v, (Fig. 7) the agreement is within 2.6%
(7, = 0.8) and 4.2% (5, = 0). For both u, > v, and
v, > U, the skin friction coefficient increases with
increasing . With increasing f§, a larger fraction of
the heat extracted from the plate is transferred to the
subcooled liquid, and a smaller fraction is consumed
in vapor generation. Hence, the vapor layer is thinned,
and its frictional resistance is increased. It is inter-
esting to note that for v, > u,, and for smaller values
of B, C. is smaller for &, =0 than for &, = 0.2,
0.4 and 0.6. The behavior was predicted by both the
similarity and integral methods and values of § for
which crossover occurs may be obtained by equating
expressions for C;, corresponding to i, = 0 on the
one hand and @, = 0.2, 0.4 or 0.6 on the other.
Analyzing equation (29), we see that the local skin
friction coefficient, Cy,, is proportional to the dimen-

0.3 T LI R LA | 3
E Lo -4
0.25 :_--——Slmxlanty 0.0 3
—— Integral =
~ 02F 3
< b E
o 015 |
K] n
ook
0.05
0 ||lx||l||‘||1||1||:
0 0.2 0.4 0.6 0.8 1
B
FiG. 7. Skin friction results for u,, > ¢,.
0.25: T B ST
3 Similarity
<
s
&
2
J

FiG. 8. Skin friction results for v, > u,.
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F1G. 9. Heat transfer results for u, > vy

sionless relative velocity between the free stream and
interface, |i,, —#,|, and inversely proportional to the
velocity boundary layer thickness in the liquid, é. For
smaller values of j, the velocity boundary layer thick-
ness in the liquid, é ~ (&2, +3/24,)~ "%, decreases with
both § and i, (or %) and is the dominant parameter.
In other words, the rate at which J decreases with
increasing #, is larger than the rate at which |a,, — )
decreases. Hence, C;,, which is proportional to the
ratio of |a,, —#,| to 4, is larger for i, = 0.2, 0.4 and
0.6 than for i, = 0.

Figures 9 and 10 show the dependence of local
Nusselt number on 8, with either 7, or @, as a par-
ameter. For v, > v, (Fig. 9), the largest discrepancy
between the similarity and integral results is 4.1%
(#,=0 and f=1), and for v,>u, it is 3.1%
(7. = 0.8 and f = 1). In both cases Nu, increases
with increasing subcooling. This behavior is due to
thinning of the vapor layer, which acts as an insulator
between the plate and liquid. Similarly, the vapor layer
is thinned with increasing ¢, or i, thereby increasing
heat transfer. Note that the dependence of the local
Nusselt number on a ratio of plate and freestream
velocities indicates that, if either u, or ¢, is fixed,
the other velocity may be selected to maximize heat
transfer. The results of Figs. 9 and 10 can be used
for all values of the two velocities in the subcooling
parameter range (0 < § < 1) and include as an impor-
tant special case, #, = 0.

CONCLUSIONS

The similarity and integral results for skin friction
and heat transfer for forced film boiling over a moving

1

T T T T
Similarity
----- Integral

0.8 I

1/2

g 06
p
z
z 0.4
2
0.2
0
0 0.2 0.4 0.6 0.8 1

FiG. 10. Heat transfer results for v, > u, .
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isothermal plate are in excellent agreement. Owing to
this agreement, the integral method can be used with
confidence and all the additional assumptions and
further simplifications can be tested against the simi-
larity solution. The results are presented in a manner
that enables optimization of heat transfer in terms of
the ratio of the flow to the plate velocity. The ability to
determine heat transfer from a plate moving through a
quiescent liquid also exists. Application of the results
requires information about the critical Reynolds
number for transition to turbulence. In order to gain
confidence in the predictions, experimental data are
needed for model validation.
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